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BACKGROUND THE GENERAL CASE - CONTINUED
» Given a pair of standard 6-sided dice, we can roll the following sums with the given probabilities: » Die jis stupid if a; = 6.
SUms. 5 3 4 B 6 7 8 9 10 11 12 » We need m — s of the dice to h:ewe.a 2. We also need m — s — 4t of the C|.IEE to have a 3.
probabilites: 1 2 2 4 5 6 5 4 3 2 1 » To get the most amount of stupid dice, we want as much overlap as possible, so we make
m — s — 4t of the dice have both a 2 and a 3. So the greatest possible number of stupid
» Can the dice be relabeled so that the sums 2 through 12 are equally likely? It is well known that this is dice is m — s — 4t.

impossible. (There are 11 sums and 36 possible outcomes and 11 does not divide 36.)

» To get the least amount of stupid dice, we want as little overlap as possible. We need
» However, seven dice result in the sums 7 through 42 (again with unequal probabilities), but in this case, a m—s—4t 2'sand m— s 3's. If there were no overlap, this would require

relabeling with equal probabilities is possible. (See the blue dice for such a labeling.) m—s—4t+m—s =2m— 2s — 4t dice. However, we only have m dice, so
2m — 25 — 41— m = m — 2s — 4t must overlap. So the least possible number of stupid
dice is m—2s — 41.

= In [1], it is shown that m 6-sided dice can be relabeled in such a way that the standard sums (i.e. the sums
for m standard 6-sided dice) are equally likely if and only if m has the form

624 — 1 6534 — 1
m = or m= .
5 5 A Dice LABELLING
= |t is also shown in [1] that such relabelings always require “stupid dice,” which are dice that have a 1 on

every face. » In [1] a equal relabelling of m is given using m — s — 4t stupid dice, which shows that the it

/ Is actually possible to get the most amount of stupid dice found earlier.

l)
FOW MANY STUPID DICE DO WE NEED FOR / DICE': » We will illustrate a relabelling of m dice using m — 2s — 4t stupid dice to show that the

least number of stupid dice is also possible.

» For 7 dice the standard sums are 7,8, 9, ..., 42, so the number of standard sums is 36 — 223,

" § u _ " " [ ? L I_I.l' ? . .
Since the dice are 6-sided, the number of possible outcomes is 6' = 2'3". Label the first s dice as follows:

number of outcomes 6" 65 _ 5535 fir o
number of sums 62 | 1.1, 1+3%  1+3° {14+2.30 142.30
1, 1, 1+3", 1+3" 14+2.3", 1+2.3

» For the sums to be equally likely, each sum must appear

» Torolla 7, we must have a 1 on each of the 7 dice. Let a; be the number of 1's on die I.
» The number of ways to roll a sum of 7 is a;a-aszasasaga; which must equal 6°. 1' 1 14351 14 55_1 {i0.35-1 {4 2‘_ 3s—1

» A stupid die results whenever a; = 6.

» We need 5 2's and 5 3's in the product a;azasasasasay. In other words, there are 7 slots for the 5 2's and Label the next s dice as follows:

the 5 3's, so some of the 2's and 3's will have to overlap. (This is why we have to have stupid dice.)
1, 1, 1, 14+3%.20 1435.29, 14+35.20

= To get the least number of stupid dice, we want the least amount of overlap for the 5 2's and 5 3's. This can
g p P 1, 1,1, 1+3.2" 1+3.2", 1+3%.¢

be done as follows:

del de2 de3 ded ded5 de6 de7 ; : )
2 2 2 2 2 1. 1. 1, 1_|_35_25—1r 1_|_35_25—‘|1 1_|_35_25—‘|
3 3 3 3 3

So 3 dice have overlap meaning we have 3 stupid dice. ,
Label the next 4t dice as follows:

» The least number of stupid dice is 3. The labeling above is an equal labeling with the least number of stupid
dice.

1, 1, 1+4+2%.3% 1+2%.3%, 1+251.3%, 1+25+1.39
» To get the greatest number of stupid dice, we want the most amount of overlap for the 5 2's and 5 3's. This 1, 1, 14293501, 1429351, 14 28H1. 3+, 14 25+1 .39+
can be done as follows: : ; ;
diel de2 de3 ded4 debd deb de7 1, 1, {42s.3%ts1 {08 gdtts—1 4 ostl 3atis-1 | ostl gatis1
2 2 2 2 2
3 3 3 3 3
So 5 dice have overlap meaning we have 5 stupid dice. Label the remaining m — 2s — 4t dice with 1's on every face.

» The greatest number of stupid dice is 5.

FurRTHER QUESTIONS

THE GENERAL CASE
» |s it possible to find equal relabelings using a number of stupid dice that is between the least and greatest

.

possible number?

6°3* —1

» We consider the case when m =

5 » |s the above the only equal relabeling using the least number of stupid dice?

» For the sums to be equally likely, each sum must appear
number of outcomes 6™ ™S  3m-s2m-s

number of sums %34 34 34

— oM s3m § 4l fimag.

» Let a; = the number of times 1 appears on die |.

[1] Rosin, A., Swift, R.J., & Sharobiem, M. (2008), Dice Sums, The Mathematical Scientist, Vo. 33, 2, 99-109.

» Then the number of ways to roll the sum m must be

—

418 -+ 8y = 2M—53M—5—4
» What are the possible values for a;, as, . . ., am”?
» Since 2 and 3 are prime, each a; can only be made out of 1's, 2's, and 3's.
= Clearly since our dice have six sides, a; < 6.
» So we know that a; canonly be 1, 2, 3, 4, or 6.
» Since m and 6m have to occur the same number of times, and m can only be rolled by using all 1's and 6m
can only be rolled using the largest number that appears on every die, the largest number on die i must also

appear a; times.

= This actually means that a; can only be 1, 2, 3, or 6.




