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Calculation of Phase Diagrams (CalPhad) is a method of using thermodynamic models obtained from experimental 
data to perform thermodynamic calculations. It has been a proven method integral to reducing the time and resources 
required for developing alloys in research and industry.1 The next step to advancing this methodology is to account for 
the inconsistency or lack of data when assessing thermodynamic systems.2 As proof of concept, a generalized 
framework made in Python was implemented to perform equilibrium calculations and handle model uncertainty. This 
framework includes the storage and handling of elemental and phase data, and the implementation of Newton’s 
method to perform Gibbs free energy minimization to create step and phase diagrams and determine the confidence 
intervals of the results. The Mg-Si system was assessed using a Bayesian approach as a case study for this framework.
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Background
To retain the uncertainty of the model parameters, a Bayesian approach was used to assess the Mg-Si system. A 
previous assessment of the Mg-Si system was used as the prior.6 The posterior was sampled using a Monte-Carlo 
Markov Chain (MCMC) generated using the Metropolis Hastings algorithm. The MCMC was used the generate the 
average model parameters along with their covariance matrix.

At equilibrium, the Gibbs free energy of a system is at its lowest. Therefore, to perform equilibrium calculations, one 
must find the minimum of the Gibbs free energy subjected to mass balance, charge balance and summation 
constraints. This leads to the objective function in equation 4. To minimize the Gibbs free energy (G), the system is first 
sampled to find starting points, after which, the Newton-Raphson method is used to find the solution.5

Uncertainty Propagation
Once the results are calculated using the minimization procedure, confidence intervals for the results can be calculated 
from the covariance matrix by the procedure proposed by Malakhov.7

Thermodynamic modeling consists of modeling both the pure elements (as reference states) and the phases. For the 
pure elements, the Gibbs free energy comes from a temperature, pressure and magnetic contribution, with the model 
parameters obtained from the STGE database.3, 4 For phases, the Gibbs free energy comes from a reference, ideal 
mixing and excess mixing contribution. For example, the typical model for a solid solution phase is given in equation 3.3
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Objective
To produce a general framework to perform thermodynamic calculations using the CalPhaD method and propagate 
uncertainty through the results of these calculations

Thermodynamic calculations were performed and uncertainty was propagated through the system by constructing a 
Python library. The Mg-Si system was assessed as a proof a concept. Using the models and covariance matrix obtained 
from the assessment, the Mg-Si phase diagram was constructed with 95% confidence intervals.

• Implement the calculation of temperature uncertainty

• Implement support for multicomponent systems and ordered solution models

• Assess a more complex system (either multicomponent and/or systems with more complex models) and propagate 
uncertainty through calculations on that system
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Table 1: Model parameters 
obtained from MCMC

Table 2: Covariance matrix of model 
parameters obtained from MCMC

Figure 1: Gibbs free energy of phases in Mg-Si 
system with 95% confidence intervals at 850 K

Figure 2: Calculated Mg-Si phase diagram with 95% 
confidence intervals
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