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ABSTRACT. In this paper, we establish a condition on weighted graphs with finite measure
that guarantees the validity of a global Poincaré inequality. This condition can be viewed as a
discrete analogue of the criterion introduced by J. Boman in 1982 for Whitney cubes, which
in turn characterizes the condition originally proposed by F. John in his seminal 1961 work.

1. INTRODUCTION

The class of John domains in Rn is the largest class of domains, under very general as-
sumptions, for which the improved Poincaré inequality and the Sobolev-Poincaré inequality
hold, together with many related results. For details, we refer the readers to [1, 4, 7, 12] and
the references therein. This class of domains was introduced by Fritz John in 1961 (see [8])
via the twisted cone condition, which asserts that any point x in the domain can be connected
to a fixed base point x0 by a path such that, at any point along the path, the distance to the
boundary is comparable to the distance traveled from x. In 1982, J. Boman provided in [3]
an equivalent formulation in terms of chains of Whitney cubes. Later, the first author of
this manuscript introduced in [11] another equivalent definition of John domains, similar to
that in [3], where chains are replaced by a tree structure. In this paper, we adapt the notion
from [11] to weighted graphs. This formulation will be developed in Section 3; however, for
convenience, we include the definition here. Given a connected graph G = (V,E), equipped
with a positive vertex function µ : V → R, we are interested in graphs for which there exists
a rooted spanning tree (V,ET ) of G (i.e. a connected and acyclic subgraph that contains
every vertex in V with a distinguished element a as its root) and a constant c ≥ 1 such that

µ(St) ≤ cµ(t) for all t ∈ V, (1.1)

where St := {s ∈ V : s ⪰ t} is the shadow of t. In this definition, we say that s ⪰ t if the
unique path in the spanning tree from s to the root a contains t.

Following the Euclidean case, we show that this condition implies a global version of
the Poincaré inequality. This implication is obtained through a local-to-global argument
studied in [10], which is based on decomposition of functions. In addition, we provide an
estimate for the constant appearing in the Poincaré inequality in terms of the constant in
(1.1). These estimates are of particular interest for bounding the first nonzero eigenvalue
of the Laplacian. This relationship is well known in both continuous and discrete settings;
see [5, 6] and references therein for details.
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The notion of derivatives we use here is standard and defined as follows. Given a function
f : V → R, the length of the gradient of f is the map |∇f | : V → R≥0 given by

|∇f |(t) =
∑
s:s∼t

|f(t)− f(s)| for all t ∈ V,

where s ∼ t indicates that the vertices s and t are adjacent in the graph G = (V,E).
As a slight abuse of notation, we write (V, µ) for the weighted graph (V,E, µ).
Our main result is the following:

Theorem. Let (V, µ) be a weighted graph that satisfies the condition in Definition 3.1, whose
spanning tree has degree uniformly bounded. Also, let p ∈ [1,∞). Then, there exists a
constant CP > 0 such that the inequality

∥f∥ℓp(V,µ) ≤ CP∥|∇f |∥ℓp(V,µ)
holds for any f ∈ ℓp(V, µ) that sums zero with respect to µ on V .

The paper is organized as follows. In Section 2, we study the continuity of a Hardy-type
operator, which plays a central role in our approach. Section 3 is devoted to a function
decomposition that allows us to pass the validity of the Poincaré inequality on edges to the
entire weighted graph. Finally, in Section 4, we establish the global Poincaré inequality.

2. SOME BASIC DEFINITIONS AND AN AVERAGING OPERATOR ON GRAPHS WITH
ROOTED SPANNING TREES

Let us recall some basic and well-known definitions on graphs and introduce an averaging
operator that we use later.

A graph G is a pair (V,E), where V is a set of vertices, i.e., an arbitrary set whose elements
are called vertices, and E is a set of edges where the elements of E are unordered pairs (x, y)
of vertices x, y ∈ V . We write x ∼ y if (x, y) ∈ E and say that x is adjacent to y. The edge
(x, y) is also denoted by xy, and x, y are called the endpoints of this edge. In this work, we
assume that the vertex set V is countable.

A chain in G is a finite sequence of vertices t0, t1, . . . , tn such that ti is adjacent to ti−1 for
any 1 ≤ i ≤ n.The graph G = (V,E) is connected if for any s, t ∈ V there exists a chain
connecting s to t.

A graph G is called locally finite if every vertex x has finitely many adjacent vertices. The
degree of a vertex x, denoted deg(x), is the number of edges incident to x. We say that G
has bounded degree if there exists an integer M such that deg(x) ≤ M for all x ∈ V . A
graph G is called finite if the number of its vertices is finite.

A graph is a tree if it is connected and has no cycles. A rooted tree is a tree with a
distinguished vertex a, called the root. If G is a rooted tree, it is possible to define a partial
order ⪰ on V by declaring that s ⪰ t if the unique path from s to the root a contains t. We
write s ≻ t if s ⪰ t and s ̸= t.

A vertex k is the parent of a vertex t if t ≻ k and k is adjacent to t. For simplicity, we
write k = tp. Analogously, t is a child of k if k = tp.

Finally, a spanning tree of a connected graph G = (V,E) is a minimal connected subgraph
of G that includes all vertices and has no cycles. We use the following notation:

GT := (V,ET ), (2.1)

where ET ⊆ E is the edge set of the spanning tree. In this case, we say x ∼T y if the pair
(x, y) ∈ ET . Naturally, if x ∼T y then x ∼ y.
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A weighted graph is a graph G = (V,E) provided with a positive function µ : V → R.
By abuse of notation, we denote weighted graphs by G = (V, µ). We say that (V, µ) has
finite measure if

µ(V ) =
∑
s∈V

µ(s) < ∞.

Furthermore, let Ω ⊆ V . Then a function f : V → R sums zero with respect to µ on Ω if∑
s∈Ω

f(s)µ(s) = 0.

The space ℓq(V, µ), or simply ℓq(V ), for 1 ≤ q < ∞, consists of all functions f : V → R
such that

∥f∥q :=

(∑
s∈V

|f(s)|qµ(s)

)1/q

< ∞.

For q = ∞, the space ℓ∞(V ) is defined as the set of all bounded functions f : V → C, with
norm

∥f∥∞ := sup
s∈V

|f(s)|.

Notice that in weighted graphs with finite measure ℓq(V ) ⊆ ℓ1(V ), for any 1 ≤ q ≤ ∞.
Finally, let us define the following averaging operator; also known in this manuscript as a

Hardy-type operator.

Definition 2.1. Let (V,E, µ) be a weighted, connected graph with finite measure and a
distinguished spanning tree (V,ET ) that induces a partial order ⪰ on the vertices. We define
the following Hardy-type operator T on ℓ1(V, µ)

Tf(t) :=
1

µ(St)

∑
s:s⪰t

|f(s)|µ(s),

for all t ∈ V , where St := {s ∈ V : s ⪰ t} is called the shadow of the vertex t.

Remark 2.2. Notice that this averaging operator T depends on the chosen spanning tree.

The following theorems state that the operator T defined above is strong (∞,∞) and weak
(1, 1) continuous. We then prove the strong (q, q) continuity of T , for 1 < q < ∞, using the
Marcinkiewicz interpolation technique from [14].

Theorem 2.3. The Hardy-type operator T in Definition 2.1 is strong (∞,∞) continuous,
with constant C = 1. Namely,

∥Tf∥ℓ∞(V ) ≤ ∥f∥ℓ∞(V ),

for any f ∈ ℓ∞(V ).

Proof. This result follows from the fact that T is an averaging operator. Indeed, given a
function f ∈ ℓ∞(V ), we acquire the following

∥Tf∥ℓ∞(V ) = sup
t∈V

|Tf(t)|

= sup
t∈V

1

µ(St)

∑
s⪰t

|f(s)|µ(s)

≤ ∥f∥ℓ∞(V ) sup
t∈V

1

µ(St)

∑
s⪰t

µ(s)
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= ∥f∥ℓ∞(V ) sup
t∈V

µ(St)

µ(St)

= ∥f∥ℓ∞(V ).

Therefore, T is bounded with ∥T∥ℓ∞(V )→ℓ∞(V ) ≤ 1, and thus strong (∞,∞) continuous. □

We proceed by proving the following lemma, which is used in the argument to conclude
the weak (1, 1) continuity of T .

Lemma 2.4. Let G = (V,E) be a graph with a rooted spanning tree (V,ET ) that induces
on V the partial order ⪰. Let t1, t2 ∈ V . If St1 ∩St2 ̸= ∅, then either St1 ⊆ St2 or St2 ⊆ St1 .

Proof. Since St1 ∩St2 ̸= ∅, there exists t ∈ St1 ∩St2 . It follows that t ⪰ t1 and t ⪰ t2. Now,
let us assume, to the contrary, that t1 ̸⪰ t2 and t2 ̸⪰ t1. Then the path from t through t1 to
the root a is distinct from the path from t through t2 to the root a. The existence of these two
distinct paths from t to the root a implies the existence of a cycle, which contradicts the fact
that the partial order is defined by a spanning tree. Therefore, either t1 ⪰ t2 or t2 ⪰ t1 which
gives that t1 ∈ St2 or t2 ∈ St1 . It follows that St1 ⊆ St2 or St2 ⊆ St1 . □

Now, we prove the weak (1, 1) continuity of T .

Theorem 2.5. The Hardy-type operator T in Definition 2.1 is weak (1, 1) continuous with
constant C = 1. Namely, for all f ∈ ℓ1(V, µ) and λ > 0,

µ(VTf (λ)) <
1

λ
∥f∥ℓ1(V,µ),

where the subset of vertices VTf (λ) := {t ∈ V : |Tf(t)| > λ}.

Proof. Let us define the subset of minimal vertices MTf (λ) ⊆ VTf (λ) as

MTf (λ) := {t ∈ VTf (λ) : s ̸∈ VTf (λ) for all a ⪯ s ≺ t}.
It follows from its definition that

VTf (λ) ⊆
⋃

t∈MTf (λ)

St.

Consequently,

µ(VTf (λ)) ≤ µ

 ⋃
t∈MTf (λ)

St

 =
∑

t∈MTf (λ)

µ(St).

The last identity is justified by Lemma 2.4 and by the definition of the set of minimal vertices
MTf (λ). More specifically, no two shadows of vertices in MTf (λ) intersect.

Now, since MTf (λ) ⊆ VTf (λ), we find that

µ(VTf (λ)) ≤
∑

t∈MTf (λ)

µ(St)

<
∑

t∈MTf (λ)

µ(St)
Tf(t)

λ

=
1

λ

∑
t∈MTf (λ)

∑
s⪰t

|f(s)|µ(s)

≤ 1

λ
∥f∥ℓ1(V,µ).
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We conclude that T is weak (1, 1) continuous. □

Now, let us prove the strong (q, q) continuity of T . This is commonly shown through
the Marcinkiewicz interpolation technique. We have not found its discrete version in the
literature, so we adapt the proof from [14] to our case.

Theorem 2.6. The Hardy-type operator T in Definition 2.1 is strong (q, q) continuous for
1 < q < ∞. Moreover, for all f ∈ ℓq(V, µ),

∥Tf∥ℓq(V,µ) ≤
(

2qq

q − 1

)1/q

∥f∥ℓq(V,µ).

Proof. Let f ∈ ℓq(V, µ) and λ ∈ (0,∞). Then an application of Hölder’s inequality gives

∥f∥ℓ1(V,µ) =
∑
t∈V

|f(t)|µ(t)1/q+1/p

≤

(∑
t∈V

|f(t)|qµ(t)

)1/q(∑
t∈V

µ(t)

)1/p

= ∥f∥ℓq(V,µ)µ(V )1/p, (2.2)

where 1/q + 1/p = 1. Thus, using that (V, µ) has finite measure, we can conclude that
∥f∥ℓ1(V,µ) < ∞. Now, we decompose the function f into two parts:

f1(t) = f(t)χVf (λ/2)(t) and f2(t) = f(t)χV \Vf (λ/2)(t),

defined for all t ∈ V , where Vf (λ) = {t ∈ V : |f(t)| > λ}. Hence, (2.2) and the fact that
f1 is a restriction of f imply that ∥f1∥ℓ1(V,µ) < ∞. Then, from the weak continuity of the
operator T in ℓ1(V, µ), stated in Theorem 2.5, it follows that

µ(VTf1(λ/2)) <
2

λ
∥f1∥ℓ1(V,µ). (2.3)

Also notice that ∥f2∥ℓ∞(V ) ≤ λ/2 < ∞ by the definition of f2. So through an application of
the strong continuity of the operator T in ℓ∞(V ), proved in Theorem 2.3, we have

Tf2(t) ≤ sup
t∈V

Tf2(t) = ∥Tf2∥ℓ∞(V ) ≤ ∥f2∥ℓ∞(V ) ≤
λ

2
.

for all t ∈ V . Hence, no vertex t satisfies that Tf2(t) > λ/2. Hence, µ(VTf2(λ/2)) = 0. It
is also important to note that f = f1 + f2 and T is a sublinear operator which follows from
the triangle inequality. Thus,

Tf(t) ≤ Tf1(t) + Tf2(t),

for each t ∈ V . The inequality above now implies VTf (λ) ⊆ VTf1(λ/2) ∪ VTf2(λ/2). This
fact coupled with (2.3) and that VTf2(λ/2) is the empty set imply that

µ(VTf (λ)) ≤ µ(VTf1(λ/2) ∪ VTf2(λ/2))

≤ µ(VTf1(λ/2)) + µ(VTf2(λ/2))

≤ 2

λ
∥f1∥ℓ1(V,µ). (2.4)
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Observe that for all λ ∈ (0,∞), xq =
∫∞
0

qλq−1χ{x>λ}(x, λ) dλ where χ{x>λ}(x, λ) is the
characteristic function over the set {(x, λ) ∈ R2

>0 : x > λ}. Indeed, we have∫ ∞

0

qλq−1χ{x>λ}(x, λ) dλ =

∫ x

0

qλq−1 dλ = xq.

Notice in the following lines, we have a countable sum and an integral of positive functions
so we can interchange them. Thus,

∥Tf∥qℓq(V,µ) =
∑
t∈V

|Tf(t)|qµ(t)

=
∑
t∈V

(∫ ∞

0

qλq−1χ{Tf(t)>λ}(t, λ) dλ

)
µ(t)

=

∫ ∞

0

qλq−1

(∑
t∈V

χ{Tf(t)>λ}(t, λ)µ(t)

)
dλ

=

∫ ∞

0

qλq−1

 ∑
t:Tf(t)>λ

µ(t)

 dλ

=

∫ ∞

0

qλq−1µ(VTf (λ)) dλ.

Recall that ∥f1∥ℓ1(V,µ) < ∞. Hence, the following integral and sum, which arise from (2.4),
may be interchanged, allowing us to achieve our final estimate:

∥Tf∥qℓq(V,µ) =
∫ ∞

0

qλq−1µ(VTf (λ)) dλ ≤
∫ ∞

0

qλq−1

(
2

λ
∥f1∥ℓ1(V,µ)

)
dλ

= 2

∫ ∞

0

qλq−2

(∑
t∈V

|f(t)|χVf (λ/2)(t, λ)µ(t)

)
dλ

= 2
∑
t∈V

|f(t)|
(∫ ∞

0

qλq−2χ{|f(t)|>λ/2}(t, λ) dλ

)
µ(t)

= 2
∑
t∈V

|f(t)|

(∫ 2|f(t)|

0

qλq−2 dλ

)
µ(t)

where we now obtain

∥Tf∥qℓq(V,µ) ≤
2q(2q−1)

(q − 1)

∑
t∈V

|f(t)||f(t)|q−1µ(t)

=
2qq

q − 1

∑
t∈V

|f(t)|qµ(t)

= 2q
q

q − 1
∥f∥qℓq(V,µ).

Therefore, we achieve the bound on the operator T given by

∥Tf∥ℓq(V,µ) ≤ 2

(
q

q − 1

)1/q

∥f∥ℓq(V,µ).
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Hence, the Hardy-type operator T is strong (q, q) continuous for q ∈ (1,∞). □

The continuity of this operator, which is fundamental in this local-to-global methodology,
was also studied in [13] for different weights.

3. A DECOMPOSITION OF FUNCTIONS TECHNIQUE

In this work, we use a local-to-global argument to prove the validity of a certain Poincaré-
type inequality on weighted graphs, relying on the fact that they are valid on segments or
edges. This technique requires writing functions with vanishing mean value on the entire
graph as sums of functions supported on segments that also have vanishing mean value. The
continuity of this decomposition depends on the following geometric condition on the graph:

Definition 3.1. Let G = (V, µ) be a weighted, connected, and locally finite graph with a
summable weight function µ : V → R>0. In this work, we are interested in graphs G for
which there exist a rooted spanning tree and a positive constant c such that

µ(St) ≤ cµ(t) for all t ∈ V, (3.1)

where St := {s ∈ V : s ⪰ t} is the shadow of t.

This geometric definition on graphs is inspired by the equivalent definition of John do-
mains proved in [11] on Euclidean domains.

It is also important to note that weighted graphs (V, µ) satisfying condition (3.1) have
finite measure, since

µ(V ) = µ(Sa) ≤ cµ(a) < ∞,

where a denotes the root of the spanning tree.
Also, notice that any finite weighted graph (V, µ) satisfies (3.1) with a constant

c =
µ(V )

mint∈V µ(t)
.

Next, we present two weighted graphs: the first one satisfies (3.1), whereas the second
does not.

Examples 3.2. Let (V, µ) be a weighted rooted k-ary tree (i.e. a tree where each vertex
has k children), where the weight is defined by µ(t) = αdist(t,a), for every t ∈ V , for some
0 < α < 1/k. Here, dist(t, a) denotes the number of edges in the chain that connects t to
the root a. Then (V, µ) is John. Indeed, for any t ∈ V , we have the following estimate:

µ(St)

µ(t)
=

∑
s∈St

µ(s)

µ(t)
=

∑
s⪰t α

dist(s,a)

αdist(t,a)
=
∑
s⪰t

αdist(s,a)−dist(t,a) =
∑
s⪰t

αdist(s,t)

where the last line holds since s ⪰ t and therefore contains t on its unique path to the root
a. Now, (V, µ) is a k-ary tree, so each vertex has k children. Namely, we can continue the
estimation in the following way:

µ(St)

µ(t)
=
∑
s⪰t

αdist(s,t) ≤
∑
n≥0

knαn =
∑
n≥0

(kα)n =
1

1− kα
.

So k-ary trees, with the weight introduced above, verify condition (3.1) with a constant esti-
mated by 1/(1− kα).
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Examples 3.3. Given a bounded domain Ω ⊂ Rn and a Whitney decomposition {Qt}t∈V ,
we define the graph G = (V,E), where the vertices correspond to the Whitney cubes, and
two vertices t and s are adjacent in G if and only if Qt and Qs intersect along an (n − 1)-
dimensional face of one of them. We refer the reader to [15] for details on the existence and
properties of Whitney cubes. Furthermore, we define the weight µ : V → R as the Lebesgue
measure of each Whitney cube (i.e. µ(t) := |Qt|).

Now, it was shown in [11] that if Ω is a John domain in the sense of Fritz John there exists
a Whitney decomposition and a spanning tree (V,ET ) of the graph of Whitney cubes such
that

Qs ⊆ KQt

for any s, t ∈ V , with s ⪰ t, where KQt is a K-dilation of Qt. Hence, using that Whitney
cubes have disjoint interiors, we conclude that

µ(St) =
∑
s⪰t

µ(s) =
∑
s⪰t

|Qs|

=

∣∣∣∣∣⋃
s⪰t

Qs

∣∣∣∣∣ ≤ |KQt| = Kn|Qt| = Knµ(t).

Therefore, this graph satisfies the condition in Definition 3.1 with constant c = Kn.

As we mentioned, every weighted graph that satisfies the condition in Definition 3.1 has
finite measure. However, not every weighted graph of finite measure satisfies condition (3.1).
Let us show an example of this fact.

Examples 3.4. Let (V, µ) be the weighted path graph on V = N≥2, where adjacency is given
by consecutive integers. The weight is defined by µ(n) = n−1 ln(n)−γ for all n ∈ N≥2, where
γ > 1.

Now, let us consider the function f(x) = x−1 ln(x)−γ . Observe that f(x) is continuous,
positive, and decreasing in [2,∞). Since this holds, the integral test implies that

µ(V ) = µ(N≥2) =
∑
n≥2

µ(n) =
∑
n≥2

1

n(ln(n))γ
< ∞.

So (V, µ) has a finite measure. Now, let n ∈ N≥2 and observe that

µ(Sn)

µ(n)
=

∑
k≥n

1
k(ln(k))γ

1
n(ln(n))γ

= n(ln(n))γ
∑
k≥n

1

k(ln(k))γ
.

The integral of the function f(x) previously mentioned provides a lower estimate for the sum
above in the following way:

µ(Sn)

µ(n)
= n(ln(n))γ

∑
k≥n

1

k(ln(k))γ

≥ n(ln(n))γ
∫ ∞

n

1

x(ln(x))γ
dx

= n(ln(n))γ
1

(γ − 1)(ln(n))γ−1

=
n ln(n)

γ − 1
.

Hence, µ(Sn)/µ(n) is not uniformly bounded and (V, µ) does not satisfy (3.1).
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Now, let us define the decomposition of functions that we use in this local-to-global argu-
ment to prove the ℓp(V, µ)-Poincaré inequality for 1 ≤ p < ∞.

Definition 3.5. Let (V, µ) be a weighted graph with finite measure with respect to µ, and let
it be equipped with a rooted spanning tree that defines a partial order ⪰. Given f ∈ ℓ1(V, µ),
we introduce the collection of functions {ft}t∈V ∗ , where V ∗ = V \ {a}. For each t ∈ V ∗,
the function ft : V → R is defined by

ft(s) :=



0 s ̸= t and s ̸= tp,

f(t) +
1

µ(t)

∑
k≻t

f(k)µ(k) s = t,

− 1

µ(tp)

∑
k⪰t

f(k)µ(k) s = tp,

(3.2)

for any s ∈ V .

Observe that this collection of functions is well defined since f ∈ ℓ1(V, µ). The following
results state some other properties that the functions in (3.2) verify.

Theorem 3.6. Let (V, µ) be a weighted graph satisfying the assumptions stated in Definition
3.5. Now, let f ∈ ℓ1(V, µ), a function with sum zero with respect to µ on V . Then the func-
tions ft in the collection {ft}t∈V ∗ presented in (3.2) describe a decomposition of f supported
on the segments {t, tp} such that f =

∑
t∈V ∗ ft and ft sums zero with respect to µ on V for

every t ∈ V ∗.

Proof. Notice that ft is indeed supported on the segment {t, tp} for each t ∈ V ∗. Now, let s
be a vertex other than the root. Then, by using (3.2), we attain the following∑

t∈V ∗

ft(s) =
∑

t:s=t or s=tp

ft(s)

= fs(s) +
∑
t:s=tp

ft(s)

= f(s) +
1

µ(s)

∑
k≻s

f(k)µ(k) +
∑
t:s=tp

(
− 1

µ(s)

∑
k⪰t

f(k)µ(k)

)
.

Furthermore, the sum over all vertices t such that s = tp converges since the shadow of each
vertex t is disjoint and f ∈ ℓ1(V, µ). We now derive the following∑

t∈V ∗

ft(s) = f(s) +
1

µ(s)

∑
k≻s

f(k)µ(k)− 1

µ(s)

∑
t:s=tp

∑
k⪰t

f(k)µ(k)

= f(s) +
1

µ(s)

∑
k≻s

f(k)µ(k)− 1

µ(s)

∑
k≻s

f(k)µ(k)

= f(s).

If s is the root, that is s = a, then ft(a) = 0 for each t that is not a child of the root a.
Additionally, ∑

t∈V ∗

ft(s) =
∑
t:a=tp

ft(a)
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=
∑
t:a=tp

(
− 1

µ(a)

∑
k⪰t

f(k)µ(k)

)

= − 1

µ(a)

∑
t:a=tp

∑
k⪰t

f(k)µ(k)

= − 1

µ(a)

∑
k≻a

f(k)µ(k)

= f(a),

where the last line holds since f has sum zero with respect to µ on V . Whence, we conclude
that f can be decomposed by ft for t ∈ V ∗. We now aim to show that each ft sums zero with
respect to µ on V . To that end, let t ∈ V ∗. Then∑

s∈V

ft(s)µ(s) =
∑

s:s=t or s=tp

ft(s)µ(s)

=

(
f(t) +

1

µ(t)

∑
k≻t

f(k)µ(k)

)
µ(t)−

(
1

µ(tp)

∑
k⪰t

f(k)µ(k)

)
µ(tp)

=
∑
k⪰t

f(k)µ(k)−
∑
k⪰t

f(k)µ(k) = 0,

as desired. □

Notice that the previous proof does not require the validity of condition (3.1); however,
this condition is used in the proof of the following result. The next corollary follows from
the continuity of the Hardy-type operator T .

Corollary 3.7. Let (V, µ) be a weighted graph that satisfies (3.1), whose spanning tree has
degree bounded by M . Then, for every g ∈ ℓq(V, µ), with q ∈ (1,∞), the collection of
functions {gt}t∈V ∗ defined in (3.2) satisfies the following estimate:∑

t∈V ∗

∥gt∥qℓq(V,µ) ≤ cqM
2qq

q − 1
∥g∥qℓq(V,µ), (3.3)

where c is the constant that appears in Definition 3.1.

Proof. We begin our estimation argument as follows:∑
t∈V ∗

∥gt∥qℓq(V,µ) =
∑
t∈V ∗

|gt(t)|qµ(t) + |gt(tp)|qµ(tp), (3.4)

where we wish to estimate both gt(t) and gt(tp) by the Hardy-type operator in Definition 2.1.
The strong (q, q) continuity of T implies the final estimation. Thus, we proceed as follows:

|gt(t)| =

∣∣∣∣∣g(t) + 1

µ(t)

∑
k≻t

g(k)µ(k)

∣∣∣∣∣ =
∣∣∣∣∣ 1

µ(t)

∑
k⪰t

g(k)µ(k)

∣∣∣∣∣ ≤ µ(St)

µ(t)

1

µ(St)

∑
k⪰t

|g(k)|µ(k).

Then |gt(t)| ≤ cTg(t), where c is the constant in Definition 3.1. Similarly, we give a bound
for |gt(tp)|:

|gt(tp)| =

∣∣∣∣∣− 1

µ(tp)

∑
k⪰t

g(k)µ(k)

∣∣∣∣∣ ≤ µ(Stp)

µ(tp)

1

µ(Stp)

∑
k⪰tp

|g(k)|µ(k).
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Hence, |gt(tp)| ≤ cTg(tp). Now, observe that Theorem 2.6 and the fact that g ∈ ℓq(V, µ)
implies that Tg ∈ ℓq(V, µ). Hence, from (3.4) we can conclude that∑

t∈V ∗

∥gt∥qℓq(V,µ) ≤ cq
∑
t∈V ∗

|Tg(t)|qµ(t) + cq
∑
t∈V ∗

|Tg(tp)|qµ(tp)

= cq
∑
s∈V ∗

|Tg(s)|qµ(s) + cq
∑
s∈V

|Tg(s)|qµ(s)#{t ∈ V ∗ : tp = s}

= cqM
∑
s∈V

|Tg(s)|qµ(s)

≤ cqM
2qq

q − 1
∥g∥qℓq(V,µ),

which concludes the proof. □

4. A GLOBAL WEIGHTED POINCARÉ INEQUALITY ON GRAPHS WITH ROOTED
SPANNING TREES

In this section, we prove the validity of a global ℓp(V, µ)-Poincaré inequality on weighted
graphs (V, µ), that satisfy the condition in Definition 3.1, via a local-to-global argument.
This technique requires us to prove that the ℓp(V, µ)-Poincaré inequality is satisfied locally.
In particular, we prove that it is satisfied on any edge of a general weighted graph (V, µ).
We prove this fact since the collection of decomposed functions {gt}t∈V ∗ in Definition 3.5
is supported exactly on the segments {t, tp} ⊆ V for a spanning tree in the graph. Through
a dual argument, we are able to utilize the decomposition and thus the validity of the local
Poincaré inequality to prove the global Poincaré inequality.

Before we lead to the proofs of the local and global ℓp(V, µ)-Poincaré inequalities, we
recall the notion of gradient that we use in this work.

Definition 4.1. Given a locally finite graph G = (V,E) and a function f : V → R, we
define the length of the gradient of f as the function |∇f | : V → R≥0 defined by

|∇f |(t) =
∑
s:s∼t

|f(s)− f(t)| for all t ∈ V. (4.1)

This is a standard notion on analysis on graphs and it plays the role that gradients play in
analysis on metric spaces [9]. Now, we denote the average of a function f : V → R on a
subset of vertices Ω ⊆ V with finite measure by

fΩ =
1

µ(Ω)

∑
t∈Ω

f(t)µ(t).

We begin our discussion by proving that a ℓp(V, µ)-Poincaré inequality is satisfied locally
on the segments {t, tp} ⊆ V .

Lemma 4.2. Let G = (V, µ) be a weighted graph with a distinguished spanning tree that
defines on V a partial order ⪯. Now, given a function f ∈ ℓp(V, µ), p ∈ [1,∞), that sums
zero with respect to µ on every segment {t, tp} ⊆ V for certain t ∈ V , it follows that

∥f∥ℓp({t,tp},µ) ≤ ∥|∇(f |{t,tp})|∥ℓp({t,tp},µ).

Proof. Let t ∈ V and suppose that the hypotheses are satisfied. Since f sums zero with
respect to µ on {t, tp}, we have f(t)µ(t) + f(tp)µ(tp) = 0. Now the weight function µ is
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positive, so without loss of generality, f(t) > 0 and f(tp) < 0. This implies that |f(t)| ≤
|f(t)− f(tp)| and |f(tp)| ≤ |f(t)− f(tp)|. Therefore, we can attain the following

∥f∥pℓp({t,tp},µ) = |f(t)|pµ(t) + |f(tp)|pµ(tp)
≤ |f(t)− f(tp)|pµ(t) + |f(t)− f(tp)|pµ(tp)
= ||∇(f |{t,tp})|(t)|

pµ(t) + ||∇(f |{t,tp})|(tp)|
pµ(tp)

= ∥|∇(f |{t,tp})|∥
p
ℓp({t,tp},µ)

as desired. □

Theorem 4.3. Let (V, µ) be a weighted graph that satisfies the condition in Definition 3.1,
whose spanning tree has degree bounded by M . Also, let p ∈ [1,∞). Then, there exists a
constant CP > 0 such that the inequality

∥f∥ℓp(V,µ) ≤ CP∥|∇f |∥ℓp(V,µ) (4.2)

holds for any f ∈ ℓp(V, µ) that sums zero with respect to µ on V . Furthermore, the constant
in the Poincaré inequality is upper bounded by a multiple of the geometric constant in (3.1).
Indeed,

CP ≤ cM 2p1−1/p if p ∈ (1,∞)

CP ≤ c 2 if p = 1,

where c is the constant that appears in Definition 3.1.

Proof. First, let us consider the case p > 1. We estimate ∥f∥ℓp(V,µ) by a dual argument. That
is, we have

∥f∥ℓp(V,µ) = sup
∥g∥ℓq(V,µ)≤1

∑
s∈V

f(s)g(s)µ(s),

where 1/p+ 1/q = 1.
Furthermore, the fact that f sums zero with respect to µ on V implies that∑
s∈V

f(s)(g(s)− gV )µ(s) =
∑
s∈V

f(s)g(s)µ(s)− gV
∑
s∈V

f(s)µ(s) =
∑
s∈V

f(s)g(s)µ(s).

Thus,
∥f∥ℓp(V,µ) = sup

∥g∥ℓq(V,µ)≤1

∑
s∈V

f(s)(g(s)− gV )µ(s),

where g − gV sums zero with respect to µ on V . Moreover, notice that

∥g − gV ∥ℓq(V,µ) ≤ ∥g∥ℓq(V,µ) + ∥gV ∥ℓq(V,µ) = ∥g∥ℓq(V,µ) + |gV |µ(V )1/q

≤ ∥g∥ℓq(V,µ) + µ(V )1/q−1
∑
s∈V

|g(s)|µ(s)

≤ ∥g∥ℓq(V,µ) + µ(V )1/q−1µ(V )1/p∥g∥ℓq(V,µ) ≤ 2∥g∥ℓq(V,µ) ≤ 2.

Therefore, using Theorem 3.6, we can decompose g − gV according to (3.2). For simplicity,
we write the decomposed functions as gt for t ∈ V ∗. Thus,

∥f∥ℓp(V,µ) = sup
∥g∥ℓq(V,µ)≤1

∑
s∈V

f(s)

(∑
t∈V ∗

gt(s)

)
µ(s) = sup

∥g∥ℓq(V,µ)≤1

∑
s∈V

∑
t∈V ∗

f(s)gt(s)µ(s).

(4.3)
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Notice that the double sum stated above is absolutely convergent. In fact, we use the
support of each function gt and (3.3):∑
s∈V

∑
t∈V ∗

|f(s)||gt(s)|µ(s) =
∑
t∈V ∗

∑
s:s=t or
s=tp

|f(s)||gt(s)|µ(s)

≤

∑
t∈V ∗

∑
s:s=t or
s=tp

|f(s)|pµ(s)


1/p∑

t∈V ∗

∑
s:s=t or
s=tp

|gt(s)|qµ(s)


1/q

= M1/p∥f∥ℓp(V,µ)

(∑
t∈V ∗

∥gt(s)∥qℓq(V,µ)

)1/q

.

Observe in the middle line that each term |f(s)|pµ(s), with s ∈ V such that s = t or
s = tp for some t ∈ V ∗, appears multiple times. Actually, the number of repetitions equals
the number of children plus its parent if there is one. Therefore, the double sum in (4.3)
converges absolutely, and we may interchange the sums. Now, note that f{t,tp} is the average
of f on the segment {t, tp} and so f − f{t,tp} sums zero with respect to µ on the segment
{t, tp}. With these notes, we proceed from (4.3) as follows

∥f∥ℓp(V,µ) = sup
∥g∥ℓq(V,µ)≤1

∑
t∈V ∗

∑
s∈V

f(s)gt(s)µ(s)

= sup
∥g∥ℓq(V,µ)≤1

∑
t∈V ∗

f(s)gt(s)µ(s)

= sup
∥g∥ℓq(V,µ)≤1

∑
t∈V ∗

∑
s:s=t or
s=tp

(f(s)− f{t,tp})gt(s)µ(s)

≤ sup
∥g∥ℓq(V,µ)≤1

∑
t∈V ∗

∥f − f{t,tp}∥ℓp({t,tp},µ)∥gt∥ℓq({t,tp},µ). (4.4)

The third equality holds because gt has zero sum with respect to µ on V by Theorem 3.6;
hence, gt also has zero sum with respect to µ on the segment {t, tp}. The last line follows
from Hölder’s inequality. Now, using Lemma 4.2, we obtain

|∇((f − f{t,tp})
∣∣
{t,tp}

)|(s) = |(f(t)− f{t,tp})− (f(tp)− f{t,tp})|
= |f(t)− f(tp)| = |∇(f |{t,tp})|(s),

for s = t or s = tp. Henceforth, using the local Poincaré inequality in Lemma 4.2, Hölder’s
inequality and Corollary 3.7, we can conclude that

∥f∥ℓp(V,µ) ≤ sup
∥g∥ℓq(V,µ)≤1

∑
t∈V ∗

∥|∇(f |{t,tp})|∥ℓp({t,tp},µ)∥gt∥ℓq({t,tp},µ)

≤ sup
∥g∥ℓq(V,µ)≤1

(∑
t∈V ∗

∥|∇(f |{t,tp})|∥
p
ℓp({t,tp},µ)

)1/p(∑
t∈V ∗

∥gt∥qℓq({t,tp},µ)

)1/q

≤ cM1/q

(
2qq

q − 1

)1/q
(∑

t∈V ∗

∥|∇(f |{t,tp})|∥
p
ℓp({t,tp},µ)

)1/p
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= cM1/q

(
2qq

q − 1

)1/q
(∑

t∈V ∗

|f(t)− f(tp)|pµ(t) + |f(t)− f(tp)|pµ(tp)

)1/p

= cM1/q

(
2qq

q − 1

)1/q
(∑

k∈V

∑
s:s∼T k

|f(s)− f(k)|pµ(k)

)1/p

≤ cM1/q

(
2qq

q − 1

)1/q
(∑

k∈V

M

( ∑
s:s∼T k

|f(s)− f(k)|

)p

µ(k)

)1/p

≤ cM

(
2qq

q − 1

)1/q
(∑

k∈V

(|∇f |(k))p µ(k)

)1/p

.

Recall that s ∼T k means that s and k are adjacent in the spanning tree (V,ET ) that appears
in Definition 2.1. The last estimate follows from the fact that s ∼T k implies s ∼ k. Actually,
we prove a slightly stronger result where the length of the gradient in the original graph
(V,E) is replaced by that on the spanning tree (V,ET ), which is smaller since ET ⊆ E.
Hence, this completes the proof for 1 < p < ∞.

Finally, consider the case p = 1. We begin as we did in the case p > 1 and estimate
∥f∥ℓ1(V,µ) by a dual argument. That is, consider the following

∥f∥ℓ1(V,µ) = sup
∥g∥ℓ∞(V )≤1

∑
s∈V

f(s)g(s)µ(s) = sup
∥g∥ℓ∞(V )≤1

∑
s∈V

f(s)(g(s)− gV )µ(s),

where, similarly to the first case, Hölder’s inequality and the fact that f sums zero with
respect to µ on V imply that the two sums above are equal. Observe that g − gV sums zero
with respect to µ on V as in the previous case. Thus, according to Theorem 3.6, we can
decompose g − gV following (3.2) and writing gt for simplicity. Hence, we have

∥f∥ℓ1(V,µ) = sup
∥g∥ℓ∞(V )≤1

∑
s∈V

f(s)

(∑
t∈V ∗

gt(s)

)
µ(s) = sup

∥g∥ℓ∞(V )≤1

∑
s∈V

∑
t∈V ∗

f(s)gt(s)µ(s).

Next, since the double sum converges absolutely (as in the case p > 1), we may interchange
the order of summation. That is,

∥f∥ℓ1(V,µ) = sup
∥g∥ℓ∞(V )≤1

∑
t∈V ∗

∑
s∈V

f(s)gt(s)µ(s)

= sup
∥g∥ℓ∞(V )≤1

∑
t∈V ∗

∑
s:s=t or
s=tp

f(s)gt(s)µ(s)

= sup
∥g∥ℓ∞(V )≤1

∑
t∈V ∗

∑
s:s=t or
s=tp

(f(s)− f{t,tp})gt(s)µ(s)

≤ sup
∥g∥ℓ∞(V )≤1

∑
t∈V ∗

∥f − f{t,tp}∥ℓ1({t,tp},µ)∥gt∥ℓ∞({t,tp}),

where the third line holds since gt sums zero with respect to µ on V and thus on the segment
{t, tp}. We now invoke Lemma 4.2 to continue this string of inequalities by writing

∥f∥ℓ1(V,µ) ≤ sup
∥g∥ℓ∞(V )≤1

∑
t∈V ∗

∥|∇(f |{t,tp})|∥ℓ1({t,tp},µ)∥gt∥ℓ∞(V )
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≤ sup
∥g∥ℓ∞(V )≤1

(∑
t∈V ∗

∥|∇(f |{t,tp})|∥ℓ1({t,tp},µ)

)(
sup
t∈V ∗

∥gt∥ℓ∞(V )

)
.

Before we proceed, we must estimate supt∈V ∗∥gt∥ℓ∞(V ). We note that |gt(s)| ≤ c|T (g −
gV )(s)| for all s ∈ V . Hence,

∥gt∥ℓ∞(V ) ≤ c∥T (g − gV )∥ℓ∞(V ) ≤ c∥g − gV ∥ℓ∞(V ) ≤ c(∥g∥ℓ∞(V ) + ∥gV ∥ℓ∞(V )),

where the second inequality follows from Theorem 2.3, the strong (∞,∞) continuity of the
Hardy operator T . Furthermore,

∥gt∥ℓ∞(V ) ≤ c

(
∥g∥ℓ∞(V ) +

1

µ(V )

∑
s∈V

g(s)µ(s)

)
≤ c(2∥g∥ℓ∞(V )).

This holds for all t ∈ V ∗, so we adjust our estimate of ∥f∥ℓ1(V,µ) as follows

∥f∥ℓ1(V,µ) ≤ c sup
∥g∥ℓ∞(V )≤1

(∑
t∈V ∗

∥|∇(f |{t,tp})|∥ℓ1({t,tp},µ)

)(
2∥g∥ℓ∞(V )

)
≤ 2c

∑
t∈V ∗

(
|∇(f |{t,tp})|(t)µ(t) + |∇(f |{t,tp})|(tp)µ(tp)

)
= 2c

∑
t∈V ∗

(|f(t)− f(tp)|µ(t) + |f(tp)− f(t)|µ(tp))

= 2c
∑
k∈V

∑
s:s∼T k

|f(s)− f(k)|µ(k)

≤ 2c
∑
k∈V

∑
s:s∼k

|f(s)− f(k)|µ(k)

= 2c
∑
t∈V

|∇f(t)|µ(t) = 2c∥|∇f |∥ℓ1(V,µ).

Hence, CP ≤ 2c in the special case when p = 1, and the proof is complete. □

Remark 4.4. Notice that the weighted k-ary trees described in Example 3.2, where the
weight depends on α < 1/k, satisfy the condition in Definition 3.1 with constant 1

1−kα
.

Therefore, we can assert that the global ℓp(V, µ)-Poincaré inequality stated in Theorem 4.3
is satisfied for 1 ≤ p < ∞ and the constant can be estimated by

CP ≤


2 (k + 1) p1−1/p

1− kα
if p > 1,

2

1− kα
if p = 1.

Remark 4.5. Theorem 4.3 is shown in [2, Lemma 2.2], where the vertices of the graph are
the natural numbers and consecutive numbers are adjacent. This version of the discrete
Poincaré inequality was used to establish the validity of a certain weighted version of Korn’s
inequality on bounded domains in Rn with a boundary singularity.

Remark 4.6. A natural problem that arises after this theorem is determining whether the
validity of the Poincaré inequality stated in (4.2) implies (3.1). An analogous question was
studied by S. Buckley and P. Koskela in [4], who proved that, under general geometric as-
sumptions on domains in Rn, the validity of the Sobolev–Poincaré inequality implies that the
domain is a John domain.
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