State-Space Model and LQR
Example



Inverted pendulum

* Areal-world example that relates directly to this inverted
pendulum system is the attitude control of a booster rocket at
takeoff.
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External force F is used to control the motion
of the pendulum to keep it vertical
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Inverted Pendulum - State-state model and LQR

The equations of motion of the inverted pendulum are given as follows (for the derivation of the

equations, please see the equations of motion notes posted on canvas).
(I + mi®)P —mgld = ml#
(M +m)¥ +bx—mld=F

Step 1: Define the state variables:

The state variables can be given as follows.

=S R =

The state-space modelis given by

[x] = [A][x] + [B][u]



Inverted Pendulum - State-state model and LQR

The equations of motion of the inverted pendulum are given as follows (for the derivation of the

equations, please see the equations of motion notes posted on canvas).
(I + mi»)0 — mgld = ml#
(M +m)X +bx—mld=F

Step 1: Define the state variables:

The state variables can be given as follows.

=R = T

The state-space modelis given by

[x] = [A]lx] + [B][u]
Therefore, the state-state model for the inverted pendulum can be defines as
X X

S| =ta1| | + 1817
ol o



(I + mI®)0 — mgld = mli (1)
(M +m)¥+bx—mlp=F (2)

Step 2: Find [4] and [B] for the state-space model above, using the equations of motions

Rearrange Equation (2) as:

@_F—(Mqu};if—bi (3)
B —ml
Rearrange Equation (1) as:
[ +ml?) . (4)
X = ( )fﬂ — g0

ml



Rearrange Equation (2) as:

@_F—[M—l—m)i‘—bi

—ml

Rearrange Equation (1) as:

I %) ..
i‘:( +m )G‘I—g@

ml
Substitute Equation (3) into Equation (4):

o (I+ml®» F—(M+m)i¥—bx
X = ] —

ml —ml

g9

(3)

(4)

(9)



Rearrange Equation (5) to obtain i for matrices [A4] and [B]:

§ (I+ml*)(M+m)_ (I +ml*) (F—bx)
ml —ml ml —ml
. (I+ml*)(M+m) (I + ml?) bx (I + ml?)F
m —m

ml ml ml ml

) (—(m!)z + (I +ml*)(M + m)) (I + ml?) bx (I + mI*)F
X = . — @. _
—(ml)?

ml ml ml ml

(I + ml?) bx(—(ml)?) (I + ml*)F(—(ml)?)

ﬁé(—(m!)z + (I +ml*)(M + m)) =

_ _ 2y
ml ml 90(=(mb)%)

¥(—(mD? + (I + mI*)(M +m)) = —(I + mI*)bx + go(ml)* + (I + mI*)F

ml ml

#(Mmi? + I(M +m)) = —(I + ml*)bx + g@(ml)* + (I + ml*)F

. —(I+ml*)bx + go(mD)? + (I + ml*)F
x p—
(MmIz +I1(M +m))




_ —(I +ml*)bx + gd(ml)? + (I + ml*)F

(Mmiz +I(M + m))

Showthe first and second rows of the [A] and [B] matrices in the state-space model (

[x] =

=K R HE

+ [B][u]):

-0

1
—(I +mi?)b

0
g(ml)?

Mml? + I(M +m) Mml? —H(M +m)

0
(I +ml?)

Mml? +I(M + m)




Now, find @, and complete the state-space model:
(I + mli®»)0 —mglo = ml¥ (1)
(M+m)¥+bx—mldp=F (2)

Rearrange Equation (1) as:

(I +ml®)0 —mgldp
= ¥

ml

Substitute Equation (6) into Equation (2):

(I +mlI2)0 — mglo

+bx—mld =F
ml

(M +m)




(I +ml2)0 — mglo

+bx—mld =F
ml

(M +m)

Rearrange to find 0:

I +ml?)¢ (M + )
Ut mi)0 mglM+m)d, i mip=F

(M +m)

ml ml
I +mi?)( . (M +
M4y L0 Mot MO F
ml ml
I +ml? y (M +
oMl melMAmo L
mli mi
M+ I+ ml?)— (mD)?] .. [(M
( m)(I + ml?) — (ml) 5 _mg (M+m)o rbi=F
mi ml

—bx+F

(M + m)(I + ml?) — (mE)ZI 3 — mgl(M + m)Q

mil ml

[(M +m)(I +ml?) — (mD?]0 = mgl(M + m)® — mlbx + mlF
mgl(M + m)® — mlbx mlF

[(M+m)(I +ml®) — (mD)2] | [(M +m) U + miZ) — (ml)?]



_ mgl(M +m)0 — mlbx mlF
T M+ m)(I +mi®) — (D] (M + m)( + ml?) — (ml)?]

~ mgl(M+m)® —mlbx mlF
" MmE+ (M +m)I + mB2)] | [MmE + (M + m)(I + mi2)]

The state-space model will be given by:

0 1 0 07 0
% 0 —(I + ml*)b g(ml)? ol (I + ml?)
¥ Mmlz2 +I(M +m) Mmi2 +I1(M+m) X[|MmI2 + 1(M +m)
ol |o 0 0 1|9 0
) 0 —mlb mgl(M + m) 0 0 ml
Mml2+1(M+m) Mml2+I(M+m) | Mm% + I(M + m)




4. Use the following commands in MATLAB to obtain the transfer function:

states ={'«'"x_dot' 'phi' 'phi_dot'};
inputs ={'u'};

outputs = {7 "phi'k;
I a b : ! sys 55 =s53(A,B,C,D/ statename, states, inputname’inputs,'outputname’,outputs)

5. Use the following command to convert state-state model to transfer functions.
sys tf =tf[sys ss)

Inverted pendulum assignment: G. Examine how the system responds to an impulsive force applied to the cart employing the
MATLAB command impulse. (Use the same parameters as in part 3 for all the calculations).

q = (M+m)*(l+m*1* 2)-(m*)*2;

cew

4 s =tf(’s);
: ,i_p P cart = ({{l+m*1*2)/g)*s"2 - im=g*Lig))/(s*4 + (b*(] + m*1*2))*s*3/g - ([M + m)*m*g*1)*s"2/q -
cart w b*m*g*1*sfq);
— M hd
=t

P_pend=(m**s/g)/(s"3 + (b*(l + m*1*2))*s*2/q - ((M + m)*m*g*[)*s/q - b*m*g*Liq);

[@)
'%77— sys tf=[P_cart; P_pend];

inputs ={'u’}
1. Find the equations of motion of the inverted pendulum (show all the steps. Don’t skip P tul
steps). Use the FBD given in the notes on canvas. outputs ={"; 'phi’y;
2. Find the transfer functions in the following forms: set{sys_tfInputMame’inputs)
B(s) X(s)
) 2MY9% ) set{sys_tf/OutputName outputs)
3. Find the state-state model in the following form: 1=0:0.01:1:
X P
X X impulseisys tft);
) = [4] @ +[BIF titlel"Open-Loop Impulse Response’)
0 0

7. Find the zeros and poles of the system using the following commends:
[zeros poles] = zpkdata(P_pend,v')

X
X
y=[Cl|y|+ DIF

é 8. Find the Open-loop step response:

Use the following parameters: t=0:0.05:10;
M=.5; u = ones(size(t));
m=0.2; — lsi fut):
b=0.1; [y.t] = lsim(sys_tfu,t);
| =0.006; plot{ty)
g=9.8; title{'Open-Loop Step Response’)
1=0.3;
axis([0 30507
legend (", phi’)

https://ctms.engin.umich.edu/CTMS/index.php?example=InvertedPendulum&section=SystemModeling
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9. Design a PID controller for the pendulum. Start with Kp =1, Ki=1, Kd = 1. Is the response
acceptable:

C = pid(Kp,Ki,Kd};
T="feedback(P pend,C);
t=0:0.01:10;
impulse(T.t)

title{{'Response of Pendulum Position to an Impulse Disturbance';'under PID Control: Kp=1,Ki=1,
Kd =11

10. Change the parameters of the PID as below and explain if the response is acceptable.

Kp=100;
Ki=1;
kd=1;

C = pid(Kp,Ki,Kd);
T =feedback(P pend,C};
t=0:0.01:10;
impulse(T.t)
axis([0, 2.5, -0.2, 0.2]);
title({{'Response of Pendulum Position to an Impulse Disturbance';'under PID Control: Kp =
100, Ki=1,Kd=17);

11. Change the parameters of the PID as below and explain if the response is acceptable.
Kp=100;
Ki=1;
kd =20;
C = pid(Kp,Ki, kd);
T =feedback(P_pend,C);

=0:0.01:10; . .
:mpuls1[ltj https://ctms.engin.umich.edu/CTM
axis([0, 2.5,-0.2, 0.2); S/index.php?example=InvertedPen
title({'Response of Pendulum Position to an Impulse Disturbance’;'under PID Control: Kp = 100, Ki = dulum&section =Svste mModeli ng

1, Kd=20";
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The Linear Quadratic Regulator (LQR) approach to solve the state-space model:

Derivation of the o
LQR Algebraic Minimize a quadratic cost function, J: i
Riccati Equation I= ), e md

Where, Q minimizes the state of the system (to drive the state of the system to zero), and R
( A R E) . controller effort (how much effort). What control value, k, produces the lowest cost J.
[ J

For this purpose, let’s introduce a matrix P, where P=P".

Add and subtract:
J = xo"Pxg — xo"Pxg + J‘m(xTQx + uTRu) dt
0
Move xoT Pxg into the integral:
J = x0T Pxg + Jj [% (xTPx) + xTQx + HTRH] dt
It is valid because:

d =
dt = [E [_.rTP_rj]n =0 — x97 Pxy

“rd
—(xTPx
J; [0
Then, find the derivative below:
d T . T T .-
E(x Px)=x% Px+x"Px
Substitute for x, using [x] = [4][x] + [B][u] (or use this form: & = 4x + Bu for simplicity:

d
= (xTPx) = (Ax + Bu)TPx 4+ xTP(Ax + Bu)



J Zf (xTQx + uTRu) dt
0

Where, Q minimizes the state of the system (to drive the state of the system to zero), and R
controller effort (how much effort). What control value, k, produces the lowest cost J.

For this purpose, let’s introduce a matrix P, where P=PT,

Add and subtract:
J = xpT Pxg — T Px, +f (xTQx + uTRu) dt
0
Move x,T Px, into the integral:
“rd
J=xTPxy + j [E (xTPx) + xTQx + uTRu] dt
0
Itis valid because:
J-m [i{xTPx)] dt = [i(xTPx)]m =0—x"Px,
. ldt dt 0
Then, find the derivative below:
d T . T T o
E(x Px) =% Px+x"Px
Substitute for i, using [x] = [4][x] + [B][u] (or use this form: & = Ax + Bu for simplicity:

d
E{xTPx) = (Ax + Bu)"Px + x"P(Ax + Bu)

Substitute in J:

J=xTPxy + f [(Ax 4+ Bu)"Px + xTP(Ax + Bu) + xTQx + uTRu] dt
1]



Substitute in J:

J=x"Pxy+ Jm[(Ax + Bu)TPx + xTP(Ax + Bu) + xTQx + uTRu] dt
0
Apply the transpose:
J=x"Pxg + fm[(:xrflr +u"BT) Py 4+ xTP(Ax + Bu) + xTQx + uTRu] dt
0
Multiply the terms:
J = xgTPxg + J-m[xTATPx +uTBTPx + xTPAx 4+ xTPBu + x7Qx + uTRu] dt
0
Rearrange:
J=x"Pxy + J-m[xTATPx +xTPAx + xTPBu+ xTQx + uTBTPx + uTRu] dt
0
Factorx:
J=x,"Pxy + fw[_rT(ATP_r + PAx + Qx) + x"PBu + u"BTPx + uTRu] dt
0
Factor x:
J=x"Pxy + fm[_rT(ATP +PA+ Q)x +u"BTPx + xTPBu + uTRu] dt
0
Rearrange the terms:
J =x9TPxg + fm[.rT(ATP +PA+ Qx4+ u"Ru+ xTPBu + u" BTPx] dt
0

The goal is to minimize u. The term x,7 Px, does not depend on u, so we can remove it from the cost
function.

= 7
J= J [xT(ATP + PA+ Q)x + uTRu + x"PBu + u"BTPx] dt 7)
0

Rewrite u” Ru + xTPBu + u" BT Px in the following form by adding the term x” (PBR*BTP)x and
subtracting the same term x7 (PBR™BTP)x.

uTRu+ xTPBu+ u"BTPx + [xT(PBR™!BTP)x — xT(PRR™1BTP)x] (8)
We will rewrite the above equation in a different form, which can help in solving the problem.
Start by defining the following term:

(u+ R1BTPx)"R(u + R™1BTPx) — xT(PBR™1BTP)x (9)
Apply the transpose to the first term (knowing that PT = P, and (R™4)T = R™1):
(u" + x"PBR Y)R(u+ R™1BTPx) — xT(PBRBTP)x



Apply the transpose to the first term (knowing that PT = P, and (R 1)T = R 1):
(uf + xTPBR Y)R(u + R~ 'BTPx) — xT(PBR1BTP)x

Multiply the first terms:

uTRu+uTRR™BTPx + xTPBR™'Ru + xTPBR™IRR1BTPx — xT(PBR™1BTP)x
RR™! = I, therefore:
uTRu + uTBTPx + x"PBu + xTPBR 'BTPx — xT(PBR'BTP)x

Which is the same as the Equation (8):
(u+ R IBTPx)TR(u + R !BTPx) — xT(PBR™BTP)x

Therefore, Equations (8) and (9) are the same, as below:

(u+RBTPx)"R(u+ R *BTPx) — xT(PBR™IBTP)x
= uTRu +xTPBu+ u"BTPx + [xT(PBR 'BTP)x — xT(PBR™1BTP)x]

We can now use Equation (9) instead of Equation (8) in Equation {7)

J= f [xT(ATP+PA+ Q)x + (u+ R BTPX)TR(u+ R BTPx) (10)
[i]

—xT(PBR™1BTP)x] dt

Move the term PBR1BT P into the first term:

J= f [xT(ATP + PA+ Q — PBR™IBTP)x + (u+ R™IBTPx)TR(u + R™1BTPx)] dt
[1]



J= f [xT(ATP+PA+Q—PBR B"P)x + (u+ R 'BTPx)TR(u+ R™1BTPx)] dt
L]

In order to minimize the cost function /, we need to minimize both terms in the above equation.
The first term is:
ATP 4+ PA+Q—-PBRBTP =0

This equation is called the Algebraic Riccati Equation (ARE). The ARE can be solved numerically. The
goalis to find P that solves the ARE.

The second term in J is:
(u+ R 1BTPX)"R(u+ R 1BTPx) =0
The input effort u is a function of the controller gain k as below:
u=—kx
If kis chosenas k = R"'BTPthenu + R"!BTPx = 0.

Therefore, P is obtained from ARE, and then substituted in u = —kx, where k = R~1BTP.



PID vs LQR

* PID:

https://ctms.engin.umich.edu/CTMS/index.php?example=InvertedP
endulum&section=ControlPID

 LQR:

https://ctms.engin.umich.edu/CTMS/index.php?example=InvertedP
endulum&section=ControlStateSpace

It is much easier to control multi-input, multi-output systems with the state-space
method (LQR here) than with the other methods such as PID, Root Locus and
Frequency analysis approaches.
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